Abstract-This paper considers the distributed H ∞ leaderfollowing tracking problem for a class of discrete-time multiagent systems with a high-dimensional dynamic leader. It is assumed that output information about the leader is only available to designated followers, and the dynamics of the followers are subject to perturbations. To achieve distributed H ∞ leader-following tracking, a new class of control protocols is proposed which is based on the feedback from the nearest neighbors as well as a distributed state estimator. Under the assumptions that dynamics of the leader are detectable and the communication topology contains a directed spanning tree, sufficient conditions are obtained that enable all followers to track the leader while achieving a desired H ∞ leader-following tracking performance. Numerical simulations illustrate the effectiveness of the theoretical analysis.
the tracking error arising in the corresponding multi-agent networks consisting of closed-loop agent systems. On the contrary, the case where dynamics of the leader and those of the followers have different models (e.g., are described by state-space equations of different order) has not received as much attention.
In this paper, we focus on the case where dynamics of the leader are more complex than those of the followers. Therefore, the existing theoretical approaches for analyzing leaderfollowing tracking problems which have been developed for networks of identical agents cannot be directly applied in this case. Furthermore, the state of the leader which evolves independently of the followers is not directly measurable by all of the followers. It is assumed that only a partial information about the state of the leader can be sensed by a small group of followers which are subject to uncertainty. Thus, the multi-agent system under consideration is more general and contains some other commonly studied classes of leader-following multi-agent systems such as, e.g., the multi-agent systems in [9] , as special cases. The control goal here is to design a tracking protocol for each agent such that the closed-loop system of agents achieves a desired level of H ∞ leader-following tracking performance. Note that the proposed problem of distributed H ∞ leader-following tracking for multi-agent systems with a high-dimensional leader is meaningful in a number of practical applications such as the design of distributed sensor networks [10] where dynamics of the leader are more complex than those of the followers.
The fact that the followers can only sense partial information about the state of the leader prompts us to introduce a dynamic protocol where a local controller together with a neighbor-based state observer is designed for each follower. In the present framework, the state observer embedded in the followers performs the task of estimating the unmeasurable states of the leader in a distributed way. Under the assumptions that the leader is detectable and the communication topology contains a directed spanning tree, we propose a procedure for the design of a tracking protocol which involves a solution to a modified algebraic Riccati equation. The analysis of distributed H ∞ leader-following tracking performance of this protocol when applied to a multi-agent system with a high-dimensional leader is then presented.
The protocol design to achieve a pre-specified level of H ∞ leader-following tracking performance for a system of agents whose dimension are different form that of the leader is the main contribution of this paper. We note that dynamic protocols have been considered in a number of recent papers.
For example, a dynamic protocol for synchronization of multiagent systems has been proposed recently in [16] . Similar to this paper, the analysis in [16] is based on the reduction of the problem to the analysis of N decoupled systems. However, in contrast to our paper, robust performance issues are not considered in [16] . It is also worth noting that there is another possible way to solve tacking problems under partial information about the leader, by using the distributed output regulation theory and internal model principle [11] .
The remainder of this paper is organized as follows. In Section II, some preliminaries from the graph theory and the problem formulation are given. In Section III, the main results are presented. A numerical example and simulations to illustrate our theoretical analysis are provided in Section IV. Section V concludes the paper.
Notation: Let R n×n and C n×n be the sets of n × n real matrices and complex matrices, respectively. Let N and ℓ n 2 be, respectively, the sets of natural numbers and the n-dimensional real square summable functions. If not explicitly stated, all matrices are assumed to have compatible dimensions. The superscripts T and H denote the transpose and the Hermitian adjoint of a matrix, respectively. A matrix U ∈ C n×n is a unitary matrix if U H U = UU H = I n . diag(a 1 , a 2 , · · · , a n ) represents a diagonal matrix with a i , i = 1, 2, · · · , n on its diagonal. The notation 1 n ∈ R n denotes the vector whose elements are equal to 1. Let O n and I n be the n × n zero and identity matrices, respectively. A square matrix is said to be Schur stable if the magnitude of all of its eigenvalues is less than 1. The symbols ⊗ and · denote, respectively, the Kronecker product and the Euclidian norm.
II. PRELIMINARIES AND THE PROBLEM FORMULATION

A. Preliminaries
Let G (V , E , A ) be a directed graph with a set of nodes V = {υ 1 , υ 2 , · · · , υ N }, a set of directed edges E ⊆ V × V , and a weighted adjacency matrix A = [a i j ] N×N . We will use the simplified notation G for the graph when this causes no confusion. A directed edge e i j is associated with an ordered pair of nodes (υ j , υ i ), where υ j and υ i are called the parent and child nodes, respectively, and e i j ∈ E if and only if a i j > 0. Furthermore, self-loops are not allowed, i.e., a ii = 0 for all i = 1, 2, · · · , N. A directed path from node υ i to υ j is an ordered sequence of edges,
A directed tree is a directed graph such that (a) its every node υ k (k = r), except for the root node υ r , has exactly one parent, and (b) there exists a unique directed path from υ r to each node υ k (k = r). A directed spanning tree of G is a directed tree that has the same node set V and whose edge set is a subset of E . G will reduce to an undirected graph if and only a i j = a ji , for all i, j = 1, 2, · · · , N. 
B. The multi-agent system
Consider a group of N agents indexed by 1, 2, · · · , N. Without loss of generality, it is assumed that the agent labeled 1 is the leader, whose dynamics are governed by the following equations
(1)
The vector Θ(k) ∈ R nm 0 represents the state of the leader at time instant k, m 0 and n are two positive integers. This vector is assumed to be partitioned as
is in R nm 0 ×nm 0 , and admits a compatible partition of the following form:
represents the output information about the leader that is made available to the followers for sensing at time instant k + 1. However, as will be seen later, it will be assumed that only a partial information about this vector is sensed by some of the followers. Therefore, without loss of generality it is assumed thatĈ = (
The above model for the leader reflects the common situation where the leader of the group plays the role of a command generator providing reference states to be tracked by the followers. Therefore, it is natural to assume that the state of the leader evolves in accordance with its intrinsic nominal model and is not influenced by the followers. The dynamics of the followers, labeled as i, i = 2, 3, · · · , N, are described by the state equations
where A ∈ R m 0 ×m 0 and B ω ∈ R m 0 ×m ω are constant matrices, u i (k) ∈ R m 0 is the control input to be designed, and
is a disturbance input. As mentioned, we assume that some of the followers are able to sense the output of the leader. In a general form, the outputŷ i (k) of the leader sensed by the follower i, 2 ≤ i ≤ N, is expressed aŝ
where c i ≥ 0, and c i > 0 if and only if the leader is a neighbor of follower i. The matrix E ∈ R m y ×m 0 characterizes the protocol for information exchange in the network, and m y ≤ m 0 . This reflects the situation where only a partial information about the leader is made available to selected followers. Clearly, if the agent i is not connected to the leader, thenŷ i (k) = 0.
The present framework has several features that distinguish it from similar problems considered in the literature. Firstly, while we assume that the state matrixÂ is known to the followers, though the initial condition Θ(0) is unknown, the leader and the followers have significantly different models in that the states of the leader and the followers have different dimensions, and are also governed by different state matrices. Secondly, the followers employ different output matrices c i E; the scaling parameters c i may reflect differences in the strength of the leader's signal received by the followers positioned at a different distance from the leader. Finally, dynamics of the followers are subject to uncertain perturbations. As is well known, within the H ∞ framework, such perturbations are often associated with unmodeled uncertain dynamics, and can be used to account for imperfections in the followers' models.
In regard to communications between the followers, define the information output of follower i to be
where E ∈ R m y ×m 0 is the matrix from equation (4) . We will assume that each follower i can only use for control the information outputs of its neighbours relative its own output, y i (k) − y j (k). As mentioned previously, the matrix E characterizes the protocol for information exchange in the network. The matrix E is in general a rectangular matrix; this allows for the vectors y i (k) − y j (k) exchanged between the neighboring followers i and j to have a lower dimension than their states. Note that all agents are assumed to use the same matrix E. As discussed in [17] , in certain applications, using a common communication matrix by all followers is not a significant limitation.
For the notational convenience, let 1 a i1 = c i and introduce the relative information available to follower i, 2 ≤ i ≤ N, given by
where
a is }, and h is a given positive constant. The factor 1/κ on the right hand side of (5) is a weighting factor which scales the actual communication weights between follower i and its neighbors into positive scalars within the interval (0, 1), for each i = 2, 3, · · · , N. Note that such scaling technique is commonly used in consensus problems for discrete-time multi-agent systems [9] , [12] , [14] .
Before closing this section, we state the standing assumptions about the structure of the system communication topology. The first assumption is concerned with interactions between the followers, while the second assumption describes the communication topology between the leader and the rest of the network.
Assumption 1: The adjacency matrix of graph G , A = [a i j ] N×N has the property that for all i, j = 2, 3, · · · , N, a i j = a ji .
Remark 1: Note that Assumption 1 indicates that the subgraph describing the communication topology between the followers is undirected. However, this subgraph is not required to be connected in the present framework.
Assumption 2: The communication topology graph G contains a directed spanning tree with the leader node being its root.
Remark 2: Note that Assumption 2 is not restrictive. For example, it holds when the subgraph describing the communication topology between the followers is connected, and also at least one follower senses the output of the leader. More generally, when the communication topology between the followers consists of p separate connected components, Assumption 2 will be satisfied if each component of the graph includes a node which directly senses the output of the leader.
C. The leader-following H ∞ tracking problem
The control problem in this paper is to design a distributed protocol u i (k), i = 2, 3, · · · , N, to enable the closedloop multi-agent system (3), equipped with this protocol, to achieve a prescribed level of H ∞ leader-following tracking performance. The mathematical definition of the H ∞ leaderfollowing tracking performance index will be given later. To guarantee the H ∞ leader-following consensus tracking performance, the following observer-based dynamic distributed tracking protocol is proposed for each follower i, i = 2, 3, · · · , N. The protocol consists of two parts:
i) The neighbor-based local controller:
whereǍ =Â nn − A,Â i j , i, j = 1, 2, · · · , n, are defined in (2) and ε i (k) is given in (5) . ii) Distributed state estimator:
The gain matrix F = (F T 1 , F T 2 , · · · , F T n ) T ∈ R nm 0 ×m y is the design parameter of the protocol which will be defined later.
Combining equations (3), (6) and (7) yields the closedloop system describing dynamics of each follower governed by the proposed protocol:
is the state of the closed-loop system, i = 2, 3, · · · , N, and
easy to see that the difference between the state of the leader and the state of the i-th closed-loop system, ρ i (k) = ζ i (k) − Θ(k), satisfies the following equation
To characterize performance of the proposed tracking protocol, define the performance variable e(k) = e 2 (k) T , e 3 (k) T , · · · , e N (k) T T where e i (k) = Cρ i (k) where C ∈ R nm 1 ×nm 0 is a given performance output matrix, i = 2, 3, · · · , N. Using the expression for ε i (k) given in (5), we have
where E is the matrix from equation (4) . Denote by T ωe (z) the transfer function matrix of the system (11) from disturbance input ω(k) to the performance output e(k) .
We are now in a position to formulate the leader-following H ∞ tracking problem under consideration in this paper.
Definition 1: The multi-agent system consisting of the leader (1) and the followers (3) and equipped with the protocol (6) is said to solve the distributed H ∞ leaderfollowing tracking problem with performance index γ > 0, if the following two conditions hold:
i) The multi-agent system described by (1) and (3) 
III. MAIN RESULTS
In this section, the main theoretical results are presented.
Since the leader has no neighbors, the matrix D associated with communication topology G , has the following structure
and is a row-stochastic matrix; κ is the constant defined in (5). By Assumption 1, the blockD in (12) 
where i = 1, 2, · · · , N − 1.
Remark 3: Theorem 1 shows that the distributed H ∞ tracking problem for the networked agent system (11) can been converted into a collection of H ∞ control problems for a group of uncoupled systems (13) , each having the same dimension. Thus, the complexity of the design reduces significantly. Note also that the effect of topology on the distributed H ∞ leader-following tracking performance is characterized by the eigenvalues of theD.
Although Theorem 1 gives necessary and sufficient conditions for the distributed H ∞ leader-following tracking problem to admit a solution, it does not explain how the feedback gain matrix F should be selected in order to obtain such a solution. The following theorem shows that this issue can be addressed using tools from the H ∞ control theory, based on the result of Theorem 1.
Theorem 2: Suppose that Assumptions 1 and 2 hold, and let λ 0 = max i=1,2,··· ,N−1 |λ i |. Given a constant γ > 0, suppose there exist real matrices P = P T > 0, V and a positive scalar ε > 0 such that
and
Then the protocol (6) augmented with the distributed state estimator (7), with the feedback gain matrix F, defined as F = P −1 V , solves the H ∞ leader-following tracking problem for the multi-agent system described by (1) and (3), with a disturbance attenuation level γ. Remark 4: Theorem 2 provides sufficient conditions for solvability of the distributed H ∞ leader-following tracking problem for the multi-agent system described by (1) and (3). It is not hard to see that a necessary condition for this tracking problem to have a solution is that the matrix pair (C,Â) must be detectable.
Remark 5: Note that performance of the proposed H ∞ tracking protocol is determined by the matrix C ∈ R nm 1 ×nm 0 in (11) which defines the performance variable e(k). In the special case where the performance variable of interest is the tracking error ρ(k), the conditions of Theorem 2 are simplified by letting C = I nm 0 .
IV. EXAMPLE Consider a leader whose dynamics are described by equation (1), with It is easy to check that Assumption 2 holds. Thus, the neighbor-based protocol consisting of the local controller of the form (6) and the distributed state estimator of the form (7) can be designed by solving the conditions in Theorem 2. To design the protocol in this example, the parameter h in (5) is set to be equal 0.20. Calculations show that the eigenvalues ofD defined in (12) 
To illustrate asymptotic convergence of the tracking agents in the absence of disturbances, the corresponding state trajectories of the closed-loop multi-agent system (3) with a high-dimensional leader (1), are shown in Figs. 2-4 . Let E(k) = ∑ 5 j=2 ζ j (k)−θ (k) 2 be the square of the norm of the consensus tracking error vector for the multi-agent system, where 
V. CONCLUSIONS
The distributed H ∞ leader-following tracking problem for a class of discrete-time multi-agent systems with a highdimensional active leader has been investigated in this paper. In the presented framework, the outputs of the leader are only sensed by some informed followers. A new kind of dynamic tracking protocol consisting of a local controller and a distributed state estimator has been constructed and employed to solve such a coordination problem. Using tools from the H ∞ control theory, it has been proved that distributed H ∞ leader-following tracking can be ensured if the underlying topology graph contains a directed spanning tree with the leader being its root while the communication topology among the followers is undirected. Future work will focus on solving the distributed tracking problem for multiagent systems with a high-dimensional leader and timevarying topologies as well as leader-following tracking for multi-agent systems with nonlinear dynamics. ACKNOWLEDGMENT G. Wen would like to thank Prof. Yiguang Hong for the inspiring discussions and helpful suggestions.
